o Levels are a random sample
o Variability between levels is of interest

o Nested vs. crossed factors
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One Random Factor

Serum measurements of blood samples.

Model:
Y,-j:,u—i—a,-—l—e,-j, i=1...,0j=1...,J

a; random effect of sample i, a; ~ (0, 02),
ejj error of jth measurement of sample i, €; ~ N(0,02), a; and €;;
are all independent.

Var(Yjj) = Var(ai + ¢) = 05 + O'g, Cov(Yj, Yiy) = og

The variance of Yj; consists of two components. Such models are
also called variance components models.

N
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H0:0'§:0 HAZO'§>0

Source SS df MS=SS/df
Sample  SS,=>>(vi —y.)*> -1 MS,
Residual  SSies = > 3 (vij —yi.)> N-—1 MS,es
Total SStot = > 2 (yij — v.)?: N-1

E(MS,es) =02,  E(MS,) = Jo2 + o2

Can use F = MS,/MS,es to test Ho.
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5 = MSres
&g = (MS, — MS,es)/J  can be negative!

L = y. with Var(ﬂ)z%(a§+a§/J)

Either Maximum Likelihood estimators or 42 > 0
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Variability between Laboratories

Yiik = i+ aj + by + €jjk

a; random effect of lab i, a; ~ N(0, 02),

b; random effect of sample j, b; ~ N(0,02),
€jjk measurement error, €% ~ N (0, 02),

all random variables are independent.

Source df E(MS) F

Lab /-1 02+ JKo2  MS,/MS,es
Sample J-1 o2+ IKCT%) MSp/MS;es
Residual < diff > o2

e

Total UK —1
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MSies
(MS, — MSyes)/IK
(Msb - Msres)/lK
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Model with Interaction Lab:Sample

Source E(MS) Ho F

Lab 02+ JKos + Ka2, o05=0 MS,/MS,
Sample o2+ IKU% -+ Kagb 012) =0 MS,/MS,p
Lab : Sample o2+ Kagb O'gb =0 MS,p/MS,es
Residual o2

Ho:02=0 Test statistic: F = MS,/MS,p

Ho: 02 =02 =0 Test statistic: F = MS,/MS,es
a ab
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Factors A and B are called crossed if every level of B occurs with
every level of A. A factorial design involves crossed factors.

Factor A
FactorB 1 2 3 4
1 XX XX XX XX
2 XX XX XX XX
3 XX XX XX XX
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Nes

Factors A and B are called nested if there are different levels of B
within each level of A. B is nested within A in the following layout.

A
B

3
8
XX

e s
=
N

1 2
1 2 3 4 5 6 7 9 10
XX XX XX XX XX XX XX XX XX

Designs with nested factors are called nested designs or hierarchical
designs.
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Nested Designs

Lab 1 Lab 2 Lab 3

TN TN T

Samples 1 2 5 8 9
The factor Sample is nested within Lab.

Model for a two-stage nested design:

Yik = p+ai + bj(,-) + €x(ij) i=1..Lj=1.,Jik=1.,K

The subscript j(/) indicates that the jth level of factor B is nested
within the jth level of factor A.

Question: Is an interaction term important?
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Decomposition of sum of squares:

Yik =Y. =Yi.—Y.. + Yi—VYi. T VYik—Vi.

SStot = SSA + SSB(A) + SSres.

Source df E(MS)

Lab -1 o2+ Koi+ JKo?
Sample I(J—1) o2+ Ko?
Residual "diff" o2

Total UK —1
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Moisture Content of Cowpea

Effect of milling on moisture content. 3 samples of 100g from 5
batches were milled. From each sample 10g are measured three
times.

sample
batch 1 2 3

1 93 92 88 86 87 99 89 87 85
80 82 92 97 94 82 93 95 94
11.0 107 99 93 139 92 92 109 97
101 102 99 86 94 83 83 99 95
120 93 108 122 96 11.7 114 98 124

1AW
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Anova Table

> modl=aov(moisture~batch + samplelinybatch)
> summary(modl)

Df Sum Sq Mean Sq F value Pr (>F)
batch 4 30.928 7.7320 7.0390 0.0004027 **x*
batch:sample 10 5.911 0.5911 0.5381 0.8491520
Residuals 30 32.953 1.0984

= 1.0984 MS es
= (0.5911 —1.0984)/3 =0 (MSs — MS,es)/ K
= (7.732—1.0984)/9 = 0.737  (MS, — MS;)/JK

QD
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Linear mixed-effects model fit

> library(nlme)
> summary (lme (moisture~1,random=~1|batch/sample))
Random effects:
Formula: ~1 | batch

(Intercept)
StdDev: 0.8666916
Formula: ~1 | sample %in’% batch

(Intercept) Residual

StdDev: 3.783493e-05 0.9857034

Number of Observations: 45
Number of Groups: batch sample %in% batch
5 15
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